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1. Introduction. 

A classical theme in Operator Algebras is the Galois correspondence between groups 
of automorphisms of a von Neumann algebra and von Neumann subalgebras. 

To be more specific, let M be a von Neumann algebra and to each group G of auto- 
morphisms of M let associate M^, the von Neumann subalgebra of the G-fixed elements 

G^M^. (1.1) 

In a dual way to each von Neumann subalgebra N of M we may associate the group Gn 
of the automorphisms of M leaving N pointwise fixed 

N ^ Gn. (1.2) 

These two maps are in general not one another inverse, but restricting to (closed) subgroups 
of a given group G and to intermediate von Neumann subalgebras M*^ C N C M they 
may actually become one another inverse. 

Such a Galois correspondence was shown to hold by Nakamura and Takeda [NT] and 
Suzuki [Su] in the case M be I/i -factor and G a finite group whose action on M is minimal, 
namely M^' n M = C. 

A different Galois correspondence, between normal closed subgroups of a compact 
(minimal) group G and globally G- invariant intermediate von Neumann algebras, was 
obtained by Kishimoto [K], following methods in the analysis of the chemical potential 
in Quantum Statistical Mechanics [AHKT] . Generalizations of this result concerning dual 
actions of a locally compact group G were dealt by Takesaki, in case of G abelian, and by 
Nakagami in more generality, see [NTs]. 

Another kind of Galois correspondence was provided by H. Choda [Ch]. It concerns 
in particular the crossed product of a factor by an outer action of a discrete group and 
characterizes the intermediate von Neumann subalgebras that are crossed product by a 
discrete subgroup. An important assumption here is the existence of a normal conditional 
expectation onto the intermediate subalgebras. 
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In this paper we consider any compact group G of automorphisms of a (separable) 
factor M, whose action is minimal, and show that any intermediate von Neumann algebra 

C A'^ C M is the fixed-point algebra N = for some closed subgroup H of G, 
namely the general Galois correspondence holds in the compact minimal case. Indeed as 
a corollary the two maps (1.1) and (1.2) are one another inverse. 

A particular case of our result concerning the action of the periodic modular group 
with minimal spectrum on a type IIIx factor, < A < 1, has been recently obtained in 
[HS]. 

Concerning the ingredients in our proof, we mention the spectral analysis for compact 
group actions, endomorphisms and index theory for infinite factors, arguments based on 
modular theory, injective subfactors and averaging techniques. 

We enphasise that the main step in the proof of our result is showing the existence of a 
(necessarily unique) normal conditional expectation of M onto any intermediate subfactor 
between M'^ and M. 

Note that in this way we also obtain a Galois correspondence for intermediate von 
Neumann algebras in the case of crossed products of factors by outer actions of discrete 
groups (again, without the a priori existence of normal conditional expectation). 

This poses the following question: if Mi C M2 C M3 are von Neumann algebras such 
that M[ n M3 = C, with a normal expectation e : M3 Mi, does there exist a normal 
expectation of M3 onto M2? In other words, does e factor through M2? Beside the case 
dealt in this paper, we know a (positive) answer for example if Mi C M3 has finite index 
or if Ms is semifinite, but no counter-example is known to us. 

At this point we briefiy comment on the superselection structure in Particle Physics, 
that partly motivated our work. As is known the group of the internal symmetries in a 
Quantum Field Theory is the dual of the tensor C*-category defined by the superselection 
sectors [DR] . Our result classifies the extensions of the net of the observable algebras made 
up by field operators. An analysis of further aspects of this structure goes beyond the 
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purpose of our paper. However we notice that in low dimensional Quantum Field Theory 
the internal symmetry is realized by a more general, not yet understood, quantum object 
and this suggests to be of interest to extend our result to a wider class of "quantum 
groups" . 

We take here a first step in this direction providing a version of our result in the 
context of actions of compact Kac algebras on factors that turns out to be new even in the 
finite-dimensional case. This is included in our last section. 

2. Preliminaries. 

Throughout this paper, von Neumann algebras have separable preduals. 
2-1. Operator valued weights and basic construction. For the theory of operator valued 
weights and basic construction, our standard references are [HI] [H2] [Kol]. 

Let M D A'" be an inclusion of von Neumann algebras. We denote by V{M,N), 
£{M,N) the set of normal semifinite faithful, (abbreviated as n.s.f.), operator valued 
weights, and that of normal faithful conditional expectations respectively. We denote 
by Vo{M, N) the set of T e V{M, N) whose restriction to M n iV' is semifinite, (such T is 
called regular in [Y]). Note that Vo{M, N) is either empty or V{M, N) [H2, Theorem 6.6]. 
For T e V{M,N), we use the following standard notations: 

riT ^ {x e M;T{x*x) < oo}, 

rriT = n^riT- 

For a n.f.s. weight (p on M, and A;^ denote the GNS Hilbert space and the canonical 
injection A^p : — > H^p. 

For M D N with E e S{M,N), we fix a faithful normal state co on N and set 
(p := CO ■ E. We regard M as a concrete von Neumann algebra acting on H^. Let e^v be the 
Jones projection defined by ejvA(p(a;) = A^p{E{x)), which does not depend on u> but only 
on the natural cone of [Ko2, Appendix]. The basic extension of M by is the von 
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Neumann algebra generated by M and ejv, which coincides with JmN'Jm, where Jm is the 
modular conjugation for M. For x G B{H^), we set j{x) = Jmx*Jm- The dual operator 
valued weight E e P(Mi, M) of E is defined by j ■ E''^ ■ j|Mi> where E'^ e V{N', M') is 
characterized by spatial derivatives [CI]: 

'-^-W^Y ^^mc)..'.P,M'.c). 

Since E satisfies E^cn) — 1 [Kol, Lemma 3.1], McnM C m^. In [Kol], Kosaki defined 
the index of E by Ind E = E~^{1) in the case where M and N are factors, which is known 
to coincide with the probabilistic index defined in [PPl]. 

First, we consider a Pimsner-Popa push down lemma in our setting (c.f. [PPl]). 

Lemma 2.1. Let M be a von Neumann algebra and (p a n.f.s. weight on M. Suppose A 
is a *-subalgebra of n* fl riyp which is dense in M in weak topology, and globally invariant 
under the modular automorphism group. Then A^{A) is dense in Hip. 

Proof. Let p be the projection onto the closure of A<^(>1). Then p e A' = M'. Thanks 

1 1 

to o-f(A) = A, p commutes with A^, and consequently we have A^p D pA^. Since 

1 

A <Z n,p Hn'^, Aip{x), x e ^ is in the domains of S,p and A^. Thus we get the following: 

1 1 

J,pAip{x) = JipSipK^p{x*) = A^Aip{x*) = pA^Aip{x*) = pJ,pAip{x). 

This means that p commutes with J^,, and p e M (1 M'. So we get A^((l — p)x) = for 
x e A. Since (p is faithful, this implies (1 —p)x = 0, which shows p = 1 because A is dense 
in M in weak topology. Q.E.D. 

Proposition 2.2 (Push down lemma). Let M D N be an inclusion of factors with E G 
E{M, N), and Ml be the basic extension of M byE. Thenforallx e n^, eNE{eNx) = cnx 
holds. 

Proof. Let (p be as above and pi = p ■ E. Then cnx, and eNE{eNx) belong to n,p. So we 
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get the following: 

\\A^^{eNx) - A^^{eNE{eNx))\\'^ 

= (fii{x*eNx) — (fii{x*eNE{eNx)) — (fii{E{eNx)*eNx) + (fii{E{eNx)*eNE{eNx)) 

= \ \A^^{eNx)\\'^ - ||A^^(eiv^(eiva;))|p. 
So, we can define a bounded operator V on cnH^^^ by 

VejvAy,! {x) = Ay,i {eNE{eNx)), x en^. 

By simple computation, one can show that V is identity on eNA^^{MeNM). So to 
prove the statement, it suffices to show that A^^{MeNM) is dense in H^^. We set 
A = MejsfM and show that A satisfies the assumption of the previous lemma. In- 
deed, since Mi is the weak closure of McnM + M, the weak closure of ^ is a closed 
two-sided ideal of Mi, and coincides with Mi. From the definition of (pi, we have 
af'{MeNM) = af{M)af'{eN)af{M) = Maf{eN)M. Thanks to j ■ E'^ ■ j = (j ■ E ■ j)-^ 
[Kol, Lemma 1.3], we get 

d(pi ^ d{(p • {j ■ E-j)-^) ^ d(p ^ d(p ^ ^ 
d(u;-j) d(oj-j) d{uj-E-j) d{(p ■ j) 

Since A<^ commutes with cat, we get af^i^eN) — ejv- Q.E.D. 

Remark 2.3. In general, e^Mi is strictly larger than e^n^. Indeed, suppose that M, N 
are type III factors and e^Mi = cnti^. Then there is an isometry v & with vv* = ejv, 
that implies 1 = v*v E and Ind E < oo. This also means that snM is not necessarily 
closed in weak topology because of e^Mi = e^M . 

The following is a generalization of the abstact characterization of the basic extension 
in [PP2] to the infinite index case (see also [HK]). 

Lemma 2.4. Under the same assumption, assume that R is a factor including M and 
satisfying the following: 
(i) There is a projection e e i? such that R is generated by e and M, and exe = E{x)e 
holds for X e M. 
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(ii) There is T e V{R, M) satisfying T(e) = 1, and e e (i? n N')e.t- 

Then there is an isomorphism tt : Mi — > R satisfying tt\m = idu, T^i^N) = e, and 

T-7T = 7T-E. 

Proof. Let ip — (p ■ T. For the same reason as before, A^(MeM) is dense in H^. So we 
can define a surjective isometry U : H^^ — > and an isomorphism tt : Mi — > R by 

tt{x) = UxU\ x e Ml. 

Clearly, tt satisfies ttIm = idM, 7r(eAr) = e. Thanks to a^'^{e) = e, the modular automor- 
phism groups of (fii and ip " coincide on MbnM (and on Mi). Since Mi is a factor, this 
implies that (fi is a scalar multiple of • tt, and consequently that £^ is a scalar multiple 
of TT-^ • T • TT [H2, Lemma 4.8]. From E{eN) = 1 and T(e) = 1, we get the result. Q.E.D. 

The following may be a folklore for specialists. However, since the authors can not 
find it in the literature, we give a proof. 

Lemma 2.5. Let M ^ N he an inclusion of von Neumann algebras (not necessarily with 
separable pre-dual). Then, there is a unique central projection z of M (1 N' satisfying the 
following two conditions: 

(i) Vo{pMp,pN) = holds for every projection p e M n N', p < 1 — z. 

(ii) Vq{zMz, zN) = VizMz, zN). 

Moreover, ifV{M, N) is not empty, then (1 - z){M n N') nmr = {0}, z e {M n N')t, 
and T|z(MnJV') is semifinite for every T e V{M, N) 
To prove the lemma, we need the following. 

Lemma 2.6. The following hold. 

(i) Let {pi}iQi C M D N' be a family of mutually orthogonal projections, and p = YliPi- 
If'Po{piMpi,piN) ^ for every i e /, then Vo{pMp,pN) ^ 0. 

(ii) Letpe MnN' be a projection. IfVo{M, N) ^ 0, then Vo{pMp,pN) ^ 0. 
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(Hi) Let p e M f] N' be a projection satisfying Vo{pMp,pN) ^ 0, and c{p) the central 

support ofp in M n TV'. Then 'Po{c{p)Mc{p), c{p)N) ^ 0, 
(iv) Let {pi}i^i C MnN' be a family of projections, andpo = Vpi. IfVo{piMpi,piM) ^ 

for every i e I, then Vo{poMpo,poN) ^ 0. 

Proof, (i): This follows from the following easy facts: 

Vo {pMp, ®PiMpi) ^0, Vq {®PiMpi ,epiN)^$, Vo {®PiN, pN)^$. 

(ii) : Since Vo{M, N) ^ 0, there is a separating family of normal conditional expectations 
from M to N {Ea} [Ha2, Theorem 6.6]. Then {Ea{p ■ p)p} is a separating family of 
bounded normal operator valued weights from pMp to pN, and Vo{pMp,pN) ^ 0. (iii): 
Let {cj} G M n A^' be a family of projections satisfying p >- ej, X] ^ j — Then 
Vo{ejMej,ejN) ^ 0. So using (i), we get Vo{c{p)Mc{p), c{p)N) ^ 0. (iv): Let Zi = c{pi) 
and zq = Mzi- Then thanks to (i)(ii)(iii), Vo{zoMzo, zqN) ^ 0. Since zq is the central 
support of po, we get the statement by using (i). Q.E.D. 

Proof of Lemma 2.5. Let z be the supremum of the projections p e MnN' satisfying 
Vo{pMp,pN) 7^ 0. Then thanks to Lemma 2.6 (iii)(iv), 2; is a central projection satisfying 
(i)(ii). It is easy to show the uniqueness of such a projection. If T G 'P{M,N), (t'[{z) 
also satisfies (i)(ii) and we get z G (M n N')t. This implies that zT{z ■ z) belongs to 
V{zMz, zN). So due to [Ha2, Theorem 6.6], T\z(^MnN') is semifinite. Suppose a; is a non- 
zero positive element in mrH (1 — z){M CiN'). Then there is a non-zero spectral projection 
p of X satisfying T{p) < 00. This implies S{pMp,pN) ^ 0, that contradicts Lemma 2.6 

(iii) . Q.E.D. 

To analyze local structure of the inclusions obtained by basic construction in infinite 
index case, we need the following: 

Lemma 2.7 ([Kol, Proposition 4.2] [Y, Corollary 28]). Let M Oi N be an inclusion 
of factors. Then the following hold: 
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(i) Let T e V{M, N), and p e rriT D {M D N')t a non-zero projection. Then Ind Tp = 
T{p)T~^{p), where Tp G S{pMp,pN) is defined by Tp{x) = pT{x)/T{p), x G pMp. 

(ii) IfVo{M, N) ^ 0, Vo{N', M') ^ 0, then M f] N' is a direct sum of type I factors and 
pMp D pN has finite index for every hnite rank projection in M O N'. 

Proposition 2.8. Let M D N he an inclusion of factors with E G S{M, N), and Mi tie 
basic extension. Then Mi fl N' is direct sum of four subalgebras, 

MiHN' ^ A®Bi®B2®C, 

satisfying the following: 

(i) Each of the four subalgebras is globally invariant under {af'^}. 

(ii) j{A) = A, j{B^) = B2, j{B2) = B,, j{C) = C. 
(Hi) E\a^Bi is semifinite. 

(iv) n (52 e C) = {0}. 

(v) A is direct sum of type I factors and pMip D pN has finite index for every finite rank 
projection p & A. 

Proof. First, we show j ■ af'^ ■ j — af'^ on Mi n N' . Indeed, for x G Mi n N' we get the 
following as in the proof of Lemma 2.3: 



— T A«* 7" ryT A-«* 7" — Ait^A-it — f d(^ ^^ it^^ ^i'^ ^) \-it 

— JM^^JuXdMi^^p Jm — ^^X/\ — [— —) X[— — j 

= af-^{x). 

Now, let z be the central projection of Mi fl N' determined by Lemma 2.5 for Mi D N. 

We set 

A = zjiz)iMi n iV'), C = (1 - z)j{l - z){Mi n iV'), 

5i = zj{l - z){Mi n N'), 52 = (1 - z)j{z){Mi n N'). 
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Then by construction (ii) (iii) (iv) hold. Since j commutes with af'^, j{z) e {Mir)N')^_^, 
and we get (i). Note that for a projection p G Mi n A^', JMipMip)' Jm = jip)N, 
Jm{pN)'Jm = j{p)Mij{p). So {pN)' D {pMipY is anti-conjugate to j{p)Mij{p) D j{p)N. 
Thus thanks to Lemma 2.7, we get (v). Q.E.D. 

2-2. Sectors and simple injective subfactors. Our basic references for the theory of sectors 
are [LI] [L2] [II]. 

Let M be an infinite factor. We denote by End{M) and Sect{M) the set of unital 
endomorphisms of M and that of sectors, which is the quotient of End{M) by the unitary 
equivalence. Note that every element in End{M) is automatically normal for M with 
separable pre-dual. For pi,p2 € End{M), {pi, P2) denotes the set of intertwiners between 
pi and p2, i-e. 

(pi,P2) = {f e M]vpi{x) = P2{x)v, X e M}. 

If Pi is irreducible, i.e. M fl pi(M)' = C, (pi,P2) is a Hilbert space with the following 
inner product: 

<V\W >1 = W*V, V,We{pi,p2). 

1 /2 

We define the dimension d{p) of p by d{p) = [M : p{M)]q' , where [M : p(M)]o is the 
minimum index of M D p(M) [Hi]. For p with d{p) < 00, we denote by Ep and (f)p 
the minimal conditional expectation onto p(M) and the standard left inverse of p, i.e. 

(Pp = ■ Ep. 

There are three natural operations in Sect{M): the sum, the product and the conju- 
gation. For simplicity, we denote by p one of the representatives of the conjugate sector 
[p] of [p]. When d{p) is finite, it is known that there are two isometrics Rp e {id,'pp), 
Rp e (id, pp) satisfying 

RlpiRp) = R;p(Rp) = (2.1) 

Although such a pair is not unique, we fix it once and forever in this paper. Unless p is a 
pseudo-real sector [LI], we can take Rp equal to Rp. If it is, we set Rp = —Rp. 
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Let mXm he a M — M bimodule, and p e End{M). Then we define a new bimodule 
m{Xp)m (respectively m(p-'^)m) by 

x-^' ■y:=x-^- p{y) (respectively x ■ ^' ■ y:^ p{x) ■ ^ ■ y) x,y e M, 

where ^' = ^ as an element of Hilbert space X. It is known that there is one-to-one 
correspondence between Sect{M) and the set of equivalence classes oi M — M bimodules. 
The correspondence is given by [p] [m(-^^(-^)p)m], that preserves the three operations. 
The conjugate sector of [p] is characterized by 

m{L\M)p)m {-pL\M))M. 

Let be a unital normal completely positive map from M to M. Following Connes 
[C2] , there is a natural way to associate a M — M bimodule with </>. Let f2 be a separating 
and cyclic vector of M. We introduce a positive semi-definite sesquilinear form on the 
algebraic tensor product M ®aig M as follows: 

<^Xi<^yi,^ Zj (8) Wj >=^< 4>{z*Xi)JMWjy*JM^\^ > ■ 

i i i,i 

We denote by H^f) the Hilbert space completion of the quotient of M<SialgM by the kernel of 
the sesquilinear form, and by A<^ the natural map : M ®alg M — > iJ^. is naturally 
a M — M bimodule by the following action: 

X ■ A</>(^ Zi®Wi)-y = A<^(^ xzi ® wiy). 

i i 

Thanks to the one-to-one correspondence stated above, there is an endomorphism p<^ sat- 
isfying m{H(I,)m —m {p^L?{M))m- Actually, p<^ is Steinspring type dilation of (j). Indeed, 
let W : Hfj) — > L'^{M) be the intertwining surjective isometry, and set = WA(p{l 1). 
Then we get 

< (j){x) -Q-ylQ >=< X ■ A<^(1 1) • y, A<^(1 1) >=< p^{x) ■ Co • y|Co > • 
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We define an isometry v by v{Q • y) = ■ y. Then by definition, v commutes with the right 
action of M. So v belongs to M and satisfies (f){x) = v* p^{x)v, x G M. Note that the 
support of vv* in Mr\p(i){M)' is 1. Indeed, suppose z e Mr\p(j,{M)' satisfying z^Q-y = 0, for 
all yeM. Then zp^{x)^o • y = for all x,yeM. Since p^{M) ■ ■ M = WH^ = L'^{M), 
we get z = 0. 

Although the following statements might be found in the literature, we give proofs for 
readers' convenience. 

Proposition 2.9. Let M and (j) he as above. Then the following hold: 
(i) Let a e End{M), and vi E M be an isometry satisfying (f){x) = vla{x)vi. If the 

support of Vivl in M fl (t(M)' is 1, then [p<^] = [a], 
(a) The equivalence class of does not depend on the choice of the cyclic separating 
vector fl. 

(Hi) Let p, be another unital normal completely positive map from M to M. If there is a 
positive constant c such that cp, — (j) is completely positive, then [p^] contains [p^] . 

Proof, (i): Let be as before. Then by assumption, we get the following: 

< a{x)vin ■ y\vin >=< pcp{x)^o ■ y\^o >, 

a{M)vin ■ M = L2(M). 

So we can define a unitary u E M by ua{x)viQ ■ y = p^(x)^o " and get P(f,{x) = ua{x)u*. 
(ii) follows from (i). (iii): Since cp, — (f) is completely positive, we can define a bounded 
map T : i^^ — > by 

TK^(^Xi®yi) = ^<pC^Xi®yi). 

i i 

Then T is an M — M bimodule map whose image is dense in Hfp. Let T = U\T\ be the 
polar decomposition of T. Then f/ is a coisometry belonging to Ho'm{M{Hn)M,M {H(t>)M)- 
Thus [pfj] contains [p<^]. Q.E.D. 
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In [L3] , the second author proved that for an arbitrary infinite factor M (with separa- 
ble pre-dual), there exists an injective subfactor R C M satisfying R' n JmR'Jm = C. A 
subfactor i? of M is called simple if R' JmR'Jm = C. A simple subfactor R determines 
the automorphisms of M in the following sense; if a, P e Aut{M) satisfying a\R = P\r, 
then a = p. Indeed, let u be the canonical implementation of ■ j3. Then u e i?', and 
u commutes with Jm- So it is a scalar, that means a = (5. We can generalize this to some 
class of endomorphisms as follows: 

Proposition 2.10. Let M he an infinite factor and R a simple subfactor. For every 
p e End{M) with E e £{M, p{M)), the following holds: 

{T eM;Tx^ pix)T, x e R} ^ [id, p). (2.2) 

Proof. First, we show that the general case can be reduced to the case where {id., p) = {0}. 
Indeed, let {Vi}i be an orthonormal basis of {id,p), and W an isometry in M satisfying 
WW* = 1 -J2ViV*- Then p{x) = J2VixV* + Wa{x)W*, where a e End{M) is defined 
by a{x) — W* p{x)W . Note that {id, a) = {0} by construction. If T is in the left-hand 
side of (2.2), then a := V*T e i?' n M = C, and W*T satisfies W*Tx = a{x)W*T, 
X e R. Since T = J2 ViV*T + WW*T, if the statement is true for a, i.e. W*T = 0, we 
get T = Y.CiVi e {id,p). 

Secondly, we construct the "canonical implementation" of p as follows. Let be a 
separating and cyclic vector for M, and L^(M, f2)+ the natural cone with respect to fl. 
Then there are unique vectors ^o, G L^{M, Q)+ satisfying 

< E{x)Q\Q >=< x(q\^o > . 

< p{x)Q\Q >=< x^il^i > . 

Note that cyclic because they belong to the natural cone and implement faithful 

states. So we can define an isometry Vp by VpX^i = p{x)^o. We set Cp = VpV*, which is 
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the Jones projection of E. Vp satisfies VpX = p{x)Vp and JuVp = VpJM- Indeed, the first 
equahty is obvious. By identifying epL'^{M) with L^(p(M),^o): we get Jp(M)Vp — VpJM- 
On the other hand, since Cp is the Jones projection, we have c^Jm = Jm^p = Jp{M)- So 
Vp commutes with Jm- 

Now suppose that {id, p) — {0} and there exists a non-zero element T in the left-hand 
side of (2.2). Since T*T e M D R' = C, we may assume that T is an isometry. We 
set T = TJmTJmi which commutes with Jm and satisfies Tx = p{x)T, x E R. Then 
V*f e R' n JmR'Jm = C. Let A = V*f, which is not zero because 

< "^7^^016 > =< fCol^o >=< no\JMT*Co > 

=<reo|Ay2T^o >=||Ay4Teo|P, 

where (p{x) =< E{x)Q\Q >, x e M. We define a unital completely positive map (p : M — ^ 
M by (f){x) = T*p{x)T, x e M, which equals to T*p{x)T. By construction, [p] contains 
[ptf,]. So we show that [p<^] contains [id\ and get contradiction. Thanks to Proposition 2.9, 
it suffices to show that cj) — jApzd is completely positive. In fact, 

(f>{x) = f*p{x)f = f*epp{x)f + f *(1 - ep)p{x)f 

= f*VpV;p{x)f + T*(l - ep)p{x)f = f*VpxV;f + r*(l - ep)p{x)f 
= \X\^x + f*{l-ep)p{x)f. 

Since Cp commutes with p{M), x i-^ T*(l — ep)p{x)T is a complete positive map. So [p] 
contains [id] and we get contradiction. Q.E.D. 

Corollary 2.11. Let M,R,p be as above, and a e End{M) with d{a) < oo. Then the 
following hold: 

(i) {T e M;Ta{x) = p{x)T, x e R} ^ {a,p). 
(a) Ifa\R = p\r, then a = p. 

Proof, (i): Let T be in the left-hand side of (i), and set X = a{V)R(j, where i?^- is the 
isometry in (2.1). Then X satisfies Xx = a-p{x)X,xER. So thanks to Proposition 2.10, 
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we get X e {id, a ■ p). By simple computation using (2.1), we obtain V = d{a)R^a{X), 
and V e (it, p). (ii): Thanks to (i), 1 G (ex, p), that means a — p. Q.E.D. 

Let i/j he a dominant weight on M [CT]. Since every dominant weight is unitary 
equivalent, for every a e Aut{M) there is a unitary u E M satisfying ip • a ■ Ad{u) = ip. 
This fact is used to define the Connes-Takesaki module of a. The endomorphism version 
is given as follows, which will be used in the next section. 

Lemma 2.12. Let M be an infinite factor. Then the following hold. 

(i) For every p e End{M) with d{p) < oo, there exist a dominant weight ipp and a unitary 
u E M such that 

ipp- p- Ad{u) = d{p)ipp, ipp- Ep = ipp. 

(ii) Let i/j be a dominant weight. Then for every [p] e Sect{M) with d{p) < oo, there 
exists a representative p satisfying 

ijj- p = d{p)'il), i;-Ep = ijj. 

Proof, (i): Let ipo be a dominant weight on p{M). Since both d{p)ilJo ■ Ep and -00 " P are 
dominant weights on M, there exists a unitary u E M satisfying d{p)'ipo -Ep = ipo-p- Ad{u) . 
So Ipp := ipQ-Ep is the desired weight, (ii) follows from (i) and the fact that every dominant 
weight is unitary equivalent. Q.E.D. 

3. Galois Correspondence. 

In this section, we investigate the structure of irreducible inclusions of factors with 
normal conditional expectations. We present the ultimate form of the Galois correspon- 
dence of outer actions of discrete groups and minimal actions of compact groups on factors, 
which has been studied by several authors [AHKT] [Ch] [K] [N] [NT] . The key argument is 
how to show the existence of a conditional expectation for every intermediate subfactor. 

Let M D N he an irreducible inclusion, i.e. M n AT' = C, of infinite factors with a 
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conditional expectation E e £{M, N). For p e End{N), we set 

'Hp = {V e M; Vx = p(x)V, X e N}. 

Then thanks to the irreducibihty of M D A^^, Tip is a Hilbert space with inner product 
< V\W > 1 = W*V as usual. We denote by s{Hp) the support of Hp, that is VjTA* 
where {Vi}i is an orthonormal basis of Hp. Let Mi be the basic extension of M by N, and 
ejv the Jones projection of E. Then WpeNHp C Mi n N'. 

Let 7 : M — > A'^ be the canonical endomorphism [L1][L2][L3]. Then it is known that 
nL'^{M)n —n {-y\N^'^i^))N- When Ind < oo, it is easy to show that an irreducible 
sector [p] e Sect{N) is contained in [jIn] if and only if Hp 7^ (Frobenius reciprocity) 
[12]. First, we establish the infinite index version of this statement. For this purpose, it 
is convenient to give explicit correspondence between submodules of nL'^{M)n and sub- 
sectors of j\n- Let p G Ml r\N' he a non-zero projection. Since both cn and p are infinite 
projection in Mi, there is a partial isometry W e Mi satisfying WW* = ejv, W*W = p. 
Due to cnMiCn = cnN, we can define p e End{N) by l^^xVF* = eNp{x), x e N. 

Lemma 3.1. Under the above assumption and notation, the following holds: 

n{pL\M))n c^n {pL\N))N. 

Proof. We regard W as a surjective isometry from pL'^{M) to e]s[Lp'{M) = L'^{N). Since 
Ml = JmN'Jm, W commutes with JmNJm- So for ^ e pL'^{M), x,y E N , we obtain 

W{x • C • 2/) = WxJuy^Jui = p{x)WJMy*JMi = p{x)JMy*JMW^. 

By using cnJm = JmCn = Jn, we get W{x ■ ^ ■ y) = p{x)JNy* JnW^. Q.E.D. 

Proposition 3.2. Let M D N be an irreducible inclusion of inGnite factors with E e 
S{M,N), and 7 : M — > N the canonical endomorphism. Then for p e End{M), the 
following two statements are equivalent: 
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(i) Hp 7^ and the support of E{s{TCp)) is 1. 

(a) S{N, p{N)) is non-empty and [p] is contained in [jIn] up to multiplicity, i.e. there is 
decomposition [p] = ®[pa] such that each [pa] is contained in [7|jv]- 

Proof, (i) =^ (ii): Assume that p satisfies (i). By a simple argument, one can show 
that there is decomposition [p] = 0[pa] such that for every a there exists Va e Hp^ 
satisfying E{VaV*) > 1. We set Wa = eNE{VaV;)-^/^Va. Then Wa satisfies WaW* = 
ejv, Pa ■= W*Wa G Ml n A^'. Since WaxW* = eNPa{x), x e N, [pa] is contained in 
[7|jv]. E{Pa) = V:E{VaV:)-^Va < oo imphes E{paMrPa,PaN) 0, and consequently 
E{N, pa{N)) ^ 0. (ii)=^ (i): It is easy to show that if [p] = ©[po] and each pa satisfies 
(i), then so does p. Assume that [p] is contained in [jIn] and S{N, p{N)) ^ 0. Let 
p e Ml n A' be the projection corresponding to [p]. Then £{pMip,pN) ^ 0, which implies 
p & A® B where A and B are as in Lemma 2.7. Let z be the central support of p in 
Ml n A'. Since af'^ is trivial on the center of A © S, E\z(^Mir\N') is semifinite. So there 
are two families of projections {pa\i {Qo} in -2 (Mi n A') such that p = X^^jPa; Pa ~ Qa 
in 2;(Mi fl A') and qa G m^. Let Wa be a partial isometry satisfying WaW^ = ^n, 
W*Wa = Qa, and pa e End{N) defined by WaxW* = eNp{x), x e N. Then [p] = ©[p„]. 
Since Wa = e^WaQa £ "7,^, due to Lemma 2.2, there exists Va & M satisfying Wa = ejv Ki- 
lt is easy to check Va G Hp^ and = 1- So po satisfies (i). Q.E.D. 

Let {[p^]}geE: be the set of irreducible sectors with finite dimension contained in [7|jv]. 
We arrange the index set S such that [p^] = [p^] holds for every ^ G S. For simplicity, we 
use notations R^, R^,H^,d{^), E^ instead of Rp^,Rp^, etc. We define the Frobenius maps 
: — > Hj, cg : H-^ — > Tig by 

c^{v) = ^/mv*Ri. ven^, 

c^{V) = y/d(i)V*R^, VeUj. 

Then thanks to (2.1), c^cg = 1^^^, c^cg = l-^.. So in particular, both cg and cg are 
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invertible. We introduce a new inner product to Ti.^ by 

(Fi,F2)l = d{OE{y^V^) e = C, e n^. 

Due to the estimate |(Vi, V2)| < (i(^)||Vi||||V2||, there is a non-singular positive operator 
e B(7i^) satisfying 

iVuV2) =< a^Vi\V2>. 
Let {Vi}i CH^ be an orthonormal basis of H^. Since ^ ViV* = s{H^) < 1, we get 

Tr(a^) = = diOEisin^)) < diO- 

So is a trace class operator. By simple computation one can show the following: 

< c^{Vi)\c^{V2) >= (Fi,F2) =< a^Vi\V2 >, 

< c^{Vi)\c^{V2) >= (Vi,V2) =< a^Vi\V2 > . 

Thus we get c|c^ = a^, c|c^ = a^. This shows that is an invertible trace class operator, 
that implies :— diniH^ < oo. Thanks to = c^^, we obtain 

This implies 

If = 1, (this is the case if for instance Ind E < oo), then < d{^). On the other hand 
if = d{^), then it is easy to show = 1 and E{s{H^)) = 1, i.e. s{H^) = 1. 

Theorem 3.3. Let M D N be an irreducible inclusion of inRnite factors with E e 
8{M, N), and Mi r\ N' = A ® Bi ® B2 ® C the decomposition described in Proposition 
2.8. Then with the same notation as above, the following hold: 
(i) A = e^gB^^, where A^ = 'H|ejv'H^ ~ M{n^, C). 
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(a) Bi and B2 are of type I. 

(iii) For Vi, V2 e n^, af°^iV{eNV2) = V^*a-''eNafV2. 

(iv) For Vi, V2 e n^, j{V{eNV2) = c^{a/^V2reNC^{al/^Vi). 

Proof, (i): Thanks to Proposition 2.8, A is direct sum of type I factors. By using the one- 
to-one correspondence as described just before Lemma 3.1, we can parametrize the direct 
summands of ^ by S such that A = ®A^ and A^ D H^cnH^ hold. So it suffices to show 
that A^ is of type I^^. If A^ is finite, then A^ G because E\a^ is semifinite. So we can 
take matrix units {ei,j}i<i,j of A^ (with J^ej^j = 1a^) such that E{eij) = biSij. We may 
assume that there is a partial isometry Wi e Mi satisfying VFiVFi* = e^v, = ei^i 

and WixWi = eNP^{x) for x e N. We set Wi = WiCi^i. Then thanks to Lemma 2.2, 
there exists Vi e M such that Wi = y/hleNVi. {Vi} is an orthonormal basis of Ti^. Indeed, 
it is easy to show that it is an orthonormal system. Suppose F e is perpendicular 
to {Vi}. Since e^j = W*eNWj = ^JhihjViei^Vj, VcnV is an element in A^ satisfying 
ei^jV*eNV = 0. This means V*eNV = and = E{V*eNV) = V*V, i.e. V = 0. So {V} 
is an orthonormal basis of and the rank of A^ coincides with n^. Now suppose A^^ is 
of type loo- Since E\a^ is semifinite, there is a matrix unit {eij}i<i,j<oo (not necessarily 
J^e^^i = 1), such that E{ei^i) < 00, E{eij) = for i ^ j. Then we can define Wi and Vi 
as before. However, {Vi}i<i<oo is an orthonormal system of H^, that contradicts the fact 
diniH^ = < 00. 

(ii): Since E\bi is semifinite and j{Bi) = B2, it suffices to show that pBip is of type I 
for every p e Bi with E{p) < 00. Let W e Mi be a partial isometry with VFVF* = ejv, 
W*W = p, and define p e End{M) by WxW* = eNp{x), x e N as before. Thanks 
to Lemma 2.2, there exists an isometry V e Hp satisfying W = ^/ceNV, c = E{p). So 
E{VV*) = \ and we get \ < E{s{rLp)) < 1. Let P = Nr\p{N)'. Then in the same way as 
in the proof of Lemma 3.1, we can show that pBip is isomorphic to P. So we show that P 
is of type I. Thanks to PTip — Hp, we can define a normal representation of P on Hp by 
7r{x)V = xV, x e P,V e Hp. Note that ^ < E{s{Hp)) implies that tt is faithful. Thus to 
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prove that P is of type I, we show that there exists a normal conditional expectation from 
B{T-Cp) to 7t{P) [S, Proposition 10.21]. For a; e P* we can define a bilinear form on Hp by 
u}{E{ViV^)), Vi, V2 e Hp with an estimate \uj{E{ViV^))\ < ||a;||||"l/i||||V2||. So there exists 
a unique bounded operator hu, satisfying 

uiEiViV^*)) =< KVi\V2>. 

For x,y e P, (jj e P^, = 7r{x)hi^7r{y). Indeed, by definition we get 

x-uj- y{E{V,V^*)) = u;{yE{V,V^*)x) = a;(£;(7r(y)Vi(7r(a;)* V2)*)) 

=< h^7T{y)Vi\n{x)*V2 >=< 7r{x)h^'K{y)Vi\V2 > . 

If a; e P* is positive, we have 

Tr{h^) = uj{E{s{Hp))) < uj{l) = 

so by using polar decomposition of linear functionals and the fact just proved above, we 
get 

\\h^\\i := Tr{\hJ) = Tr(/i|^|) < ||(|a;|)|| = ||a;||, u e P.. 

Hence we can define a bounded order preserving linear map 9 : P* — > P(7ip)* by 
9{u!){a) = Tr{hi^a), a e B{7ip). Note that 9 satisfies 9{x-uj-y) — TT{x)-9{u>)-TT{y), x,y & P. 
Let Fq be the transposition of 9. Then Fq is a positive normal map Fq : B{Hp) — P 
satisfying Fo{n{x)an{y)) = xFo{a)y, x,y e P, a e B{Hp). Note that Po(l) = E{s{Hp)) 
is a central element of P because us{T-Cp)u* — siTip) holds for every unitary u & P. Since 
E{s{Hp)) is invertible, we can define a normal conditional expectation F : B{Hp) — 7r(P) 

by 

F{a) = n{E{s{np))-^/^Fo{a)E{s{np))-^/^), a e BiUp). 
Therefore, P is of type I. 

(iii): By a simple argument one can show that unitary perturbation of does not have 
any effect on the formulae in (iii)(iv). So thanks to Lemma 2.12, we assume that there is 
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a dominant weight ip on N satisfying ip ■ = d{^)'ip, ip ■ = ip ior every ^ G S. Then af 
commute with and we get af'^CH^) = H^. So we show af'^{V) — a^^V for V E Tig, 
that imphes the statement. Indeed, since diniH^ < oo, every element in is analytic for 
{af'^}. Let V en^ and X e m^. Then by using the KMS condition, we obtain 

iP ■ E{VxV*) = ip ■ E{xV*atf{V)) =< atf{V)\V > iP{x). 

On the other hand, from E{VxV*) = E{p^{x)VV*) = ^(^{V, ^)Pe(^) S^^ 

i; ■ E{VxV*) = -^{V, V)^P ■ p^{x) =< a^V\V > ^P{x). 

So we obtain af'^{V) = afV. 

(iv): Let 2^ be the unit of A^. Then by using the correspondence between sub-bimodules 
of nL'^{M)n and sub-sectors of ^n, we get j{A(^) = and j{z^) = z-^. Let ip be as before. 
Then due to (i), it is easy to show that 'H|A^.£;(n^ fl n^) is dense in z^H^.e- Since both 

1/2 1/2 

j{V{eNV2) and ce(a^' eNC^{a^ Vi) belong to Aj, it suffices to show the equality on 
7i|A^.s(n^ r\n^). Let a e r\n^ and X e 7Y|-. Since Vi, V2 are analytic elements for 

Wt'^}, we get 

i(Vi*eAr^2)A^.s(^*a) = J J uen J mViJ mJ^^-e{X* a) 

= JMViJMeN^^.E{X*aat^{Viy) 

2 

= JMV^*JMeNA^.E{X*at''{Virp^{a)) 

2 

= JMV2*JMA^.E{E{X*at^{Vi)*)p^{a)) 

2 

= A^.E{E{X*at''{V^r)p^{a)a'!^f{V2)) 
2 2 

= A^.£;(£;(xvt-^(Vi)*v:^:f (y2)a). 



By using X = c^{c^{X)) = ^/d{^c^{X)*R^, we get 

jiV,*eNV2)A^.E{X*a) = ^/d{^A^.E{%E{c^{X)at^ {V^Y)atf {V2)a) 

2 2 



{c^{X),a-'''Vi)K^.E{ci{a^'V2ya). 
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On the other hand, we have 

c^{a\'''V2yeNC^{a\^''Vi)k^.E{X*a) - -^{c^{a\'''Vi),X)k^.E{c^{a\'''V2ya), 

-j^ /2 1/2 

so it suffices to show (c^(X),a^ ' V\) = (cg(a^ Vi),X). Actually, 

(c^(aJ/Vi),X) cg(X)|aJ/Vi >= (cg(X), a-^/Vi). 

Q.E.D. 

Remark 3.4. Let 14,^2 G H^. Then we get 

E{V{eNV2) =< V2\Vi > . 

E{j{V^*eNV2)) =< 04(4/^1)10^(4/^2) >= (4/V2,4/Vi) =< alV2\Vi > . 

So E ■ JIa = E\a if and only if = 1 for all ^ € S. It is also easy to show that E\a is a 
trace if and only if is a scalar for all ^ e S. 

To the best knowledge of the authors there is no known example which violates = 1. 
However, the following example shows that ^-jlMinAT' = -^Imihtv' does not hold in general; 
Bi, i = 1,2 may not vanish. 

Example 3.5. 

(i) Let G be a discrete group and H a subgroup, and let a be an outer action of G on a 
factor L. We set N = L Xa H, M = L x^H. Then M D A'" is an irreducible inclusion of 
factors with a unique conditional expectation E. We identify M and N with (L (8) C) x G 
and (L (g) C) X acting on L^(L) ® f{G/H) ® P{G) in an obvious sense. Let / be the 
orthogonal projection onto CSg C £^{G/H), where 6 stands for the 5-function and e the 
class of the neutral element e, and Fq = id®Tr eV{L ® i'^{G/H), L (g) C,). Then thanks 
to Lemma 2.3 we can identify Mi with (L ® £°^{G/H)) x G where the action of G on 
£°°{G/H) is the translation, ejv with 1 (g) / (g) 1 and E with the natural extension of Fq 
to (L ® e°°(G/H)) X G. So under this identification we get Mi (1 N' = e°°(H\G/H). 
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For g e G/H^ we denote by Pg e £°°{H\G/H) the projection corresponding to the H- 
orbit of g. Then E{pg) is exactly the length of the orbit, i.e. E{pg) = [H : Hg] where 
Hg := gHg~^ fl H. j{pg) can be computed by using bimodules as in [KY], and we have 
jiPg) — Pg-i- example if g~^Hg C H and g~^Hg ^ H, then E{pg) = 1 although 

E{j{pg)) 7^ 1. Let G be the group generated by the finite permutations of Z and g where 
g is the translation of Z, and H the finite permutations of N U {0}. Then gHg~^ is the 
finite permutation of N and we get gHg~^ C H, [H : Hg] = oo. So we obtain E{pg) = oo, 
^{Pg-i) = 1- This means Bi ^ {0}, i = 1, 2 in this example. 

(ii) Let G D H he a pair of discrete groups with the following property: for evry g ^ e E G 
{hgh~^; h e H} is an infinite set. Let M := L{G) be the group von Neumann algebra of 
G and := L{H) the subfactor of M generated by H. Then in exactly the same way as 
one proves that M is a factor, one can show M f] N' = C. Although this example looks 
similar to the previous one, these two have essencially different natures. As before we can 
identify N, M and Mi with C x if, C x G and £°^{G/H) x G acting on e{G/H)®e{G). 
However, we can conclude only £°°{H\G/H) C MiflN' because the action of G on G/H is 
not necessarily free. In fact the equlity does not hold in general. For example, let G = 
be the free group generated by (71,(72, (73 and H — F2 —< (71,(72 >• Then the N — N 
bimodule nXn generated by 5g^ e -^^(-^3) is equivalent to n£'^{F2) <E) £'^{F2)n where (g) is 
the usual tensor product and the left and the right actions act on each tensor component 
respectively. So End{NX]\[) ~ N°p^N. This means that Mi fl A^' has a type II summand. 
Actually a little more effort shows that A = Ccn, Bi = B2 = and C is of type II where 
A, Bi, B2i and C are as in Proposition 2.8. 

Remark 3.6. Let M2 be the basic extension of Mi by M in the first exmple, i.e. M2 := 
JmiM'Jmi- Then it is easy to show M2 = L B{£'^{G/H)) XQ,^^^(7r) G where tt is the 
translation. So M' fl M2 = n{G)'. In [B], W. Binder constructs an example of a pair of 
discrete groups G Z) H such that n{Gy is a type III factor. This means that the restriction 
of the unique expectation in £^(M2, Mi) to M' fl M2 may fail to be a trace in general. 
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In [HO] R. Herman and A. Ocneanu called an inclusion of factors M D N discrete if 
S{M, N) is not empty. However, the above examples show that existence of a normal con- 
ditional expectation is not strong enough to assure properties resembling those of crossed 
products by discrete group actions. Therefore, in this paper we use the terminology in the 
following sense. 

Definition 3.7. An inclusion of factors is called discrete if £{M, N) is non-empty and 
EImihn' Is semiGnite for some (and equivalently all) E e S{M, N). 

In what follows we assume that M D N is an irreducible discrete inclusion of infinite 
factors. Note that discreteness is equivalent to Mi f] N' = A in the decomposition given 
in Proposition 2.8, and to [7|Ar] = (Bn^[p^], d{^) < oo. 

For each ^ G S choose an orthogonal basis {V{^)i}^l^i^ consisting of eigenvectors of 
belonging to a^^j. For a; e M we define the "Fourier coefficient" x{^)i by 

Then x has the following formal expansion: 

^eB i=i 

Although the above sum does not converge even in weak topology in general, we can give 
justification of the expansion as follows. We define p^^i e Mi n N' by 

Then p^^i is a projection with = Yl^iiPi,^^ where is the unit of A^. By discreteness 
assumption we have Xl^es -^c = 1- Let a; be a faithful normal state on N and set (p = uj-E. 
Since p^^iA^{x) = A^{V{^)*x{^)i) and A^{x) = Yj^,iPi,i^A^)^ converges in 

Hilbert space topology. Note that {x{^)i} uniquely determines x while it is difficult to tell 
when a series {x{^)i} is actually the Fourier coefficient of some element x e M. 

Although the following lemma might sound trivial, we need to prove it because the 
expansion does not make sense in any decent operator algebra topology. 
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Lemma 3.8. Under the above assumption, assume that there is an assignment of sub- 
spaces K.^ C satisfying the following conditions. 

(i) a^/C^ C /C^. 

(ii) /C| C NJC^. 

(Hi) Let ?7, C e S and set S^,^ = e S; p^p^ >- p^}. Then, /C^/C^ C Z^^es^ ^ NIC^. 

Let L be the von Neumann algebra generated by N and {/C^l^es- Then there exists El G 
S{M, L), and L is characterized by 

L = {xeM; E{}Cfx) = 0, S}, 

where K,^ is the orthogonal complement of K,^ with respect to <\>. 

Proof. Let Lq be the direct sum of K,*^N. Thanks to (ii) and (iii), Lq is the *-algebra 
generated by N and {/C^}, which is dense in L. Let Li = {a; e M; E{]C^x) = 0, ^ £ S} 
and K the closure of A(^(L) in H^. First, we claims Li = {x e M]K^{x) G K}. Indeed, 
due to (i) we may arrange {V^(Oi} such that {V^(Oi}i^\ is an orthonormal basis of /C^. 
Then we get K = H^^i where H^^^i = p^^iH^, and so 

Li = {x e M;p^^iA^{x) = 0, i>m^}. 

Thus we get the claim. Secondly, we show that there exists El G S{M, L) with <^ • El = 
(p. Thanks to the Takesaki theorem on conditional expectations [S], it suffices to prove 
(Tt{L) = L, or in our case af{K,^) C NK,^. As before we may and do assume that there is a 
dominant weight ip on N satisfying ij; ■ E^ = ijj, ij; ■ = d{^)ijj, so we have af'^{V) = a'^^V 
for V e n^. We set «f = [Dlo : Di;]tp^{[Duj : D^;]*) e iV, where [Dlu : D^]t is the Connes 
cocycle derivative. Then we get 

(jH^) = Ad{[Du) -E-.DiP- E]t) ■ af'^iV) = Ad{[Du; : DiP]t){ai^V) = 44*^: 

so due to (i) we get crf{}C^) C NJC^. Now let bl be the Jones projection for El, i.e. 
eLA<^(x) = A^{El{x)), X G M. Then cl is the orthogonal projection onto K. Since L is 
characterized hy L — {x e M; e_LA<^(a;) = A^(x)}, we get L = Li. Q.E.D. 
The following is the main technical result in this paper. 
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Theorem 3.9. Let M D N be an irreducible inclusion of inRnite factors with E e 
£{M,N). We assume that the inclusion is of discrete type and crf'^ is trivial. Let L 
be an intermediate subfactor and IC^ = L n 7i^. Then {/C^} satisfies the assumption of 
Lemma 3.8 and L is generated by N and {/C^}. Consequently, there exists El E £{M, L). 

Proof. First, we show that the statement can be reduced to the case where N is of type 
III. Suppose that the statement holds for type III factors. Then we apply the statement 
to M = M®P,N = N®P and L = L®P where P is a type III factor, and get that L 
is generated by N and {Ti^ ®C)r\L = K,^®C satisfies the assumption of Lemma 

3.8 because so does {/C^ (8) 1} by assumption. Thanks to Lemma 3.8 we get 

L = {xeM®P;{E® id){{}Cf (g) l)a;) = 0, S}, 

and so we obtain 

L = {xeM; E(}Cfx) = 0, E}. 

Therefore, the statement holds for L as well. Now, we assume that N is of type III. Let 
{V{Oi} be as in the proof of Lemma 3.8. Thanks to H*^ C NH^, H^H^ C E^es^ ^ ^'^i 
and the Fourier decomposition, to prove that {/Cg} satisfies the assumption of Lemma 3.8 
it suffices to show a;(^)j = Ofora;eL,^ eS,i> m^, which is actually enough for the 
statement due to Lemma 3.8. Suppose the converse; there exists x E L such that x{$,)i ^ 
for some ^ G S and some i > m^. Let y — axh, a,h & N. Then E^{y{^)i) = p^{a)E^{x{^)ib). 
since A?" is a type III factor, we can choose a,b such that E^{y{^)i) = 1, so we assume 
E^{x{^)i) = 1 from the beginning. Let i? be a simple injective subfactor of N and U{R) 

W 

the unitary group of R. We set C = conv{uxp^{u*);u G U{R)} and define an action 9 
of U{R) on C by du{w) = uwp^{u*), u e U{R), w e C. We claim that the set of fixed 
points of C under $, which is the same as {w e C; aw = wp^{a), a e R}, is non-empty. 
Indeed, since R is AFD, there exists an increasing sequence of finite dimensional unital 
von Neumann-subalgebras {i2n}$^Li generating R. Let Cn be the fixed points of C under 
^\u{Rn) ) that is a non-empty compact set because U (Rn) is a compact group. Then {Cn}^i 
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is a decreasing sequence of non-empty compact sets, and so Coo '■= H^^Cn is non-empty 
as well. Let w G Coo- Then w satisfies aw = wp^{a) for a G Un-Rn, and for a G i? because 
UnRn is dense in R. Thus Coo is the set of the fixed points. From the definition of the 
Fourier coefficient of G Coo we get pr^{a)w{rj)j = w{ri)jp^{a) for a & R, rj & S. Applying 
Corollary 2.11 we obtain w{ri)j = for 77 ^ ^ and w{^)j G C, that means w* G H^CiN = /C^. 
On the other hand, E^{x{^)i) = 1 implies E^{{uxp^{u*)){$,)i) = p^{u)E^{x{^)i)p^{u*) = 1 
for u G U{R), and so E^{w{^)i) = 1 by continuity. Since w{^)i is a scalar w{^)i = 1. Hence 
w* ^ /C^, that is contradiction. Therefore we get x{^)i = for a; G L, ^ G S, i > m^. 
Q.E.D. 

Corollary 3.10. Let M, N, S be as above and Si a self-conjugate subset of S with 
the foUowing properties; whenever ^,rj G Si, S^^^ C Si. Then there exists an unique 
intermediate subf actor L such that if we denote by 7' the canonical endomorphism 7' : 
L — > N, then 

[7'liv] = ©lesi^^bd- 
Proof. Set L = iVV {n^}^^s^■ Q.E.D. 

Corollary 3.11. Let M D N be an irreducible inclusion of factors (N is not necessarily 
infinite) with E G £{M, N). We assume that the inclusion is of discrete type and af'^ is 
trivial. Then for every intermediate subfactor L, £{M, L) is not empty. 

Proof. It is enough to prove the statement when N is finite and M is infinite. Let F be 
a type Iqo factor. Then thanks to Theorem 3.9 £{M ® F.,L ® F) is not empty. Since we 
can identify M D L with e(M ® F)e D e(L ® F)e where e is a minimal projection of F, 
£{M,L) is not empty. Q.E.D. 

Remark 3.12. Using the same type of argument, we can show the following: for an irre- 
ducible discrete inclusion of infinite factors M D N and a simple injective subfactor R of iV, 
M n R' — C holds. Indeed, suppose x e M R'. Then x{^)i satisfies x{^)ia = p^{a)x{^)i 
for a E R. So we get x{^)i = unless = id, and x E N (1 R' = C. 
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The above theorem means that when is a scalar there is one-to-one correspondence 
between the set of intermediate subfactors and that of the systems of Hilbert subspaces 
{/C^} satisfying (ii) and (iii) of Lemma 3.8. This observation has a lot of useful applications 
in Galois correspondence of operator algebras as stated below. Although our statements 
can be unified as that of depth 2 irreducible inclusions of discrete type in the language of 
Kac algebras (see next section), we first state them in two classical cases: crossed product 
inclusions of outer actions of discrete groups and fixed point inclusions of minimal actions 
of compact groups. 

Theorem 3.13. Let G be a discrete group and a an outer action of G on a factor N. 
Then the map H N Xq, H gives one-to-one correspondence between the lattice of all 
subgroups of G and that of all intermediate subfactors of N <Z N x^G. 

Proof. Let {A(^)} denote the implementing unitaries of a in M := N G. Then it 
is easy to see E — G and Hg = CX{g) where S and Hg are as in Theorem 3.9. (Note 
that the argument in Theorem 3.9 makes sense even when N is finite as far as {p^} are 
automorphisms.) Let {}Cg}g^G be a system of subspaces satisfying (ii) and (iii) of Theorem 
3.9. Then there exists a subgroup H G G such that ICg = CX{g) if g E H and /C^ = if 
g ^ H. This means that for every intermediate subfactor L there exits a subgroup H with 
L = N XaH. Q.E.D. 

Remark 3.14- In [Ch], H. Choda proved that there is one-to-one correspondence between 
the set of subgroups and the set of intermediate subfactors L with £{N Xo,G, L) non-empty. 
The above theorem says that the existence of a normal conditional expectation to every 
intermediate subfactors automatically follows from Theorem 3.9. 

Let G be a compact group. We call an action a of G on a factor M minimal if a is 
faithful and M fl M*^' = C where M*^ is the fixed point algebra under a. It is known 
that if a is minimal the crossed product M x^ G is always a factor (See Remark 4.5). 
We fix a complete system of representatives of the equivalence classes of the irreducible 
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representations of G and denote it by G. If a is minimal and the fixed point algebra M*^ is 
infinite, using the same type of the argument as in [AHKT, Lemma III 3.4], one can show 
that for every tt e G there exists a Hilbert space Ht^ G M with support 1 such that Ht^ is 
globally invariant under a and a\n^ is equivalent to tt. This means that M is the crossed 
product of M*^ and the dual object of G by the corresponding Roberts action [Rl] . We fix 
such a Tin for each tt e G and choose an orthonormal basis {V{'^)i}i^i of Tin where d{n) 
is the dimension of TYtt- Let N = and E the unique element in £{M^ N) obtained by 



E{x) = / ag{x)dg, x E M. 

JG 



We define an endomorphism G End{N) by 

p^{x) = Y,y{^)i^y{^)h x&N. 
1=1 

Thanks to the minimality of a, p^^ is always irreducible with ci(p^) = d{7r). It is routine 

to show that p^^ does not depend on the choice of the basis and that the sector of does 
not depends on the choice of Hn- Note that Htt is characterized by 

n^ = {V e M; Vx = p^ix)V, X e N}. 

Let ejv be the Jones projection for E. Then using Peter- Weyl theorem we can show 



d{7r) 



This means that we can identify S in Theorem 3.3 with G, and when ^ G H and w e G are 
identified we can identify with as well. Note that a.;^ — 1 because 

■^'^ k,l '''^ 

k 
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Theorem 3.15. Let G be a compact group and a a minimal action of G on M . Then the 
map H 1-^ gives one-to-one correspondence between the lattice of all closed subgroups 
of G and that of all intermediate subf actors of M D M'^ . 

To prove the theorem we need the foUowing lemma, which is essentiaUy contained in 
[R2] . For the sake of completeness we give a proof. 

Lemma 3.16. Let G be a compact group and Rep{G) the category of finite dimensional 
unitary representations of G. For tt G Rep{G) H^^ denotes the representation space of 
TT. Suppose we have a Hilbert subspace K.,^ C H.^ for each tt e Rep{G) satisfying the 
following: 

K^^K^d K^Q„ , TT, (7 e Rep{G) , 

Kt,®K^C -f^TrOa, TT, (J e Rep{G), 

IC^ = K^, TT e Rep{G), 

where n is the complex conjugate representation and K^^ is the image of K-,^ under the 
natural map from H^^ to its complex conjugate Hilbert space. Then there exists a closed 
subgroup H C G such that 

K^ = {CeH^;7rih)C = C, h e H}. 

Proof. Let Bq be the linear span of 

{<7T{-)C\rj>eC{Gy,CeK^, v^H^, neRepiG)}, 

where C{G) is the C*-algebra of the continuous functions on G. Then by assumption, Bq 
is a unital *-subalgebra of C{G) that is globally invariant under the left translation by G. 
Let B be the norm closure of Bq. Then thanks to [AHKT, Appendix A], there exists a 
closed subgroup H G G such that B = C{G/H). This implies that K^^ is a subspace of 
the set of H invariant vectors L^. Suppose ^ G K^^ and set fr){g) =< '^{g)i\'n > for 
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rj e Ht^, g E G. Then e C{G/H). On the other hand, Peter- Weyl theorem shows that 
fn is perpendicular to C{G/H) in L'^{G) because Bq is dense in C{G/H) in uniform norm 
and consequently in L'^{G) as well. Thus fn = ^ for all ry e i?7r and ^ = 0. This proves the 
statement. Q.E.D. 

Proof of Theorem 3.15. We may assume that M'^ is infinite because after getting the result 
for M(8)i?(£^(N)) we can remove S(£^(N)). It easily follows from the existence of {^Trl^^g 
that the map is injective. Let L be an intermediate subfactor and set /C^ = L fl 7Y^. We 
arrange the orthonormal basis {^(Tr)^}^^'^-' such that {y(7r)i}^\ is an orthonormal basis 
of /Ctt. Thanks to Lemma 3.8 and Theorem 3.9 L is characterized by 

L = {x e M;E{}C^x) =0, tt E G} 

= {x & M; x{TT)i = 0, i > m^, tt G G}. 

Thus it is enough to show that there exists a closed subgroup H C G such that 

}C^^{Ven^;ah{V)^V, h e H}. 

Indeed, since {/CttI^^^ satisfies the assumption of Lemma 3.8, it is routine to show that 
one can extend the assignment tt ^ /C,r to the whole category of representations such that 
the assumption of Lemma 3.16 is fulfilled. Thus Lemma 3.16 captures the desired closed 
subgroup H. Q.E.D. 

Remark 3.17. It follows from [R1,AHKT] that if H is a closed subgroup of G as in Theorem 
3.15, then H is equal to the group of all automorphisms of M leaving pointwise fixed, 
therefore we have a complete Galois correspondence. 

4. Kac algebra case. 

In this section we generalize Theorem 3.13 and Theorem 3.15 to the case of minimal 
actions of compact Kac algebras. It turns out that the Galois correspondence holds between 
the lattice of intermediate subfactors and that of left coideal von Neumann subalgebras. We 
also prove a bicommutant type theorem between the left coideal von Neumann subalgebras 
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of a compact Kac algebra and right coideal von Neumann subalgebras of its dual Hopf 
algebras. 

Let ^ be a compact Kac algebra [ES][BS] with coproduct 6, antipode k, and nor- 
malized Haar measure h, which is a normal trace state. We regards ^ as a concrete von 
Neumann algebra represented on the G.N.S. Hilbert space L'^{A) of h with the G.N.S. 
cyclic vector Q^. The multiplicative unitary associated with A is defined by 

Vixflh^O = ^{x){^h^O, ^eL\A), xeA. (4.1) 

Following [BS], we adopt the dual Hopf algebra [BS] rather than the dual Kac algebra 
[ES] as the dual object of A; the dual Hopf algebra ^ of ^ is the von Neumann algebra 
generated by 

{{id<»u}){V);oj e B{L^{A))^} 
with the comultiplication and the antipode, 

Siy) = V*{l^y)V, K{y) = JAy*JA, V ^ A, (4.2) 

where J4 is the canonical conjugation of A with respect to Qh- Let U e B{L'^{A)) be the 
unitary operator defined by 

and set 

V = F(U0l)V(U0l)F eA^A', (4.3) 

V = F{1^ U)V{1 U)F eA'®A, (4.4) 

as in [BS] where F is the fiip operator of L'^{A) ® L'^{A). V and V are multiplicative 
unitaries satisfying 

V*{^®xrth) = 5{x){i®nh), ^eL^{A),xeA, (3.5) 
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Viy0l)V* = 5iy), y e A. (4.6) 

A finite dimensional unitary corepresentation tt is a pair of a finite dimensional Hilbert 
space and a linear map : H.,^ — > H-j^ A satisfying 

(r^ ® id) ■ = {id ®5)-T^ 

and the following unitarity condition: if {e(7r)i} is an orthonormal basis of and 

r7r(e(7r)j) = ^ e(7r)i ® u{7r)ij, 

i 

then u{'k) = (tt(7r)jj) is unitary as an element in M{d{7r),C) A, where d{7r) is the 
dimension of H^^. We abuse the notation and call u^ir) a unitary corepresentation as well. 
Basic notions such as tensor product, direct sum, complex conjugate corepresentations, and 
irreducibility are defined by a standard procedure. Note that since ^ is a Kac algebra the 
complex conjugate corepresentation u{7f) = {u{'W)ij — u{tv)*j) of u{tv) is always unitary 
[W]. Let TT, o" be unitary corepresentations of A. Then the following orthogonality relation 
holds: 

Let S be a complete system of representatives of the irreducible corepresentations of A. 
Then the linear span of {w(7r)i^j}i<jj<(i(7r), Tres is a dense in A in weak topology. For 
a; e ^ we define x{TT)ij by 

x{7r)ij = d{7r)h{u{7r)ljx). 

{x{n)ij} determines x in the sense that x = '^x{n)iju{TT)ij holds in Hilbert space topol- 
ogy in L'^(A). 

Definition 4.1. A unital von Neumann subalgebra B of a Kac algebra A is called a 
left (right) coideal von Neumann subalgebra if and only if 5{B) C A<Si B (respectively 
S{B) (lB(»A) holds. 

Let Corep{A) be the category of finite dimensional unitary corepresentations of A. 
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Proposition 4.2. Let A be a compact Kac algebra. Then there exists one-to-one corre- 
spondence between the following two sets, 
(i) The sets of left coideal von Neumann subalgebras of A. 

(a) The set of systems of Hilbert subspaces K.,^ C H.,^, tt G Corep{A) satisfying the 
following: 

K^® C -f^Trea, TT, (T e Corep{A). 

Ka C i^7r®(T, TT, (T e Corep{A). 

IC^ = K^, TT e Corep{A). 

The correspondence is given as follows. Let {K^^} be a system of subspaces satisfying 
the condition in (ii) and {e(7r)i}^£'^^ an orthonormal basis of H-,^ such that {e(7r)i}^\ is an 
orthonormal basis of K^^. Then the corresponding left coideal von Neumann subalgebra B is 
the weak closure of the linear span o/{tt(7r)ij} l<i < d{7r), 1 < j < m^, tt e Corep{A). 
Proof. First we note that two distinct von Neumann subalgebras Bi and B2 give rise to 
distinct Hilbert subspaces ^BiO/j, B2^h because /i is a faithful normal traces. It is easy 
to show that the weakly closed linear subspace B defined in the statement is actually a 
left coideal von Neumann subalgebra, so it suffices to prove that every left coideal von 
Neumann subalgebra B arises in this way. Let {e{n)i}'^^^ be an orthonormal basis of H^^ 
and we set 

= span{^^ x{7r)ije{7r)j; x e B, 1 <i < d{7r)}. 

Since K.,^ does not depend on the choice of the basis, we may and do assume that {e{7r)i}'^^ 
is an orthonormal basis. Thus x{TT)ij = for x G B, j > m-j^. We show that u{TT)ij e B 
for 1 < i < d{TT), 1 < j < tUt^. By the definition of K^^, for j with 1 < j < there 
exist x^ , x'^ , ■ ■ ■ x'^^'^^ e B such that Yli=i ^^{'^)i,k = ^j,k- Using unitarity of u{7t) and 

SiuiT^)p,q) = Er'"(^)p,r- ® we get 

p 
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Since B is a left coideal we obtain 

i i,p 
i,p 

Thus B is characterized as 

B = {x e A; x{7T)ij = 0, tt eE, j > m.^}. 

Since B is a *-subalgebra, the natural extension of {-ftTTrjTreB to the whole category of 
unitary corepresentations satisfies the three conditions of (ii). Q.E.D. 

Definition 4.3. Let T : M — )• M ^ A be an action of a compact Kac algebra A on a 
factor M. 

(i) r is called minimal if and only if the linear span of{{uj<Siid)-T{M); uj e M*} is dense in 
A and the relative commutant of the fixed point algebra = {x E M; T{x) = x ® 1} 
in M is trivial. 

(ii) Let B be a left coideal von Neumann subalgebra of A. The intermediate subalgebra 
M{B) ofM^cM associated to B is defined by 

M{B) = {x e M; r(x) eM®B}. 

Theorem 4.4. Let V : M — > M <^A be a minimal action of a compact Kac algebra A on 
a factor M. Then the map B i— > M{B) gives one-to-one correspondence between the lattice 
of left coideal von Neumann subalgebras of A and that of the intermediate subf actors of 
C M. 

Proof. For the same reason as in the proof of Theorem 3.15 we may assume that is 
infinite. Note that there exists a normal conditional expectation E e ^(M, M^) given by 

E{x)®l = {id®h)-5{x), X e M. 
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In exactly the same way as in the case of compact group actions, for each tt e S one can 
find a Hilbert space H-^ in M with support 1 and its basis {V{tt)}'1^^ satisfying 

i 

Thus, as before we can identify our S with that in Theorem 3.3 and we get = 1 thanks to 
the orthogonality relation. Let L be an intermediate subfactor and /Ct^ = L{~\ T-C^^. Thanks 
to Lemma 3.8 and Theorem 3.9, L is generated by and {/CTrj-Trer, and is characterized 

by 

L = {x e M; E{IC^x) =0, tt G S}. 

Therefore, as in the proof of Theorem 3.16 we can conclude L = M{B) by using Proposition 
4.2, where B is the left coideal von Neumann subalgebra corresponding to {/CttItt- The map 
is injective because 2 distinct systems of subspaces satisfying the assumption of Proposition 
4.2 (ii) give rise to 2 distinct intermediate subfactors. Q.E.D. 

Remark 4-5. The crossed product M Xj-Ais the von Neumann algebra generated by T{M) 
and C ® A. As is expected, we can identify the basic extension Mi with M Xr «4 if the 
action is minimal as follows. Let cq be the projection in A corresponding to the trivial 
corepresentation of A and we set e = l®eo. Since we have the dual operator valued weight 
of the crossed product whose restriction to ^ is a semi- finite trace (Plancherel weight), if 
MeM is dense in M Xr .4. we can apply Lemma 2.4 and get the result. Indeed, it is known 
[BS] that .A is a direct sum of type ld{n) factors A-^, tt e S and the multiplicative unitary 
V can be expanded as 

TveE l<i,j<d{Tr) 

where {e{7r)ij} are matrix units of A^- Thanks to (4.1), we have 
Now, we show 

cZ(7r)5(F(7r)*)e5(F(7r),) = 1 ® «(e(7r),- ,)• 
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From S{V{7r)i) = V{7r)k u{7r)k,i We get 

6iVin)*)e5{V{n)j) = J] 1 ® uin)l,eou{n)kj. 

k 

Thanks to the orthogonahty relation, we obtain 

k 

where we use the fact that eo is the projection onto the space spanned by Qh- On the 
other hand, 

«(e(7r)j,i)M(cr)* gf]/, = JAei7r)ijJAu{cr)*p gflh = JAe{7r)iju{a)p,qflh 

Thus d{M)e6{M) is dense in M Xr A 

The above theorem suggests that it is worth while studying the structure of the lattice 
of the left coideal von Neumann subalgebras of Kac algebras. For compact and discrete 
Kac algebras we have the following: 

Theorem 4.6. Let A be a compact Kac algebra and A its dual Hopf algebra represented 
on L'^{A). Let B C A be a left coideal von Neumann subalgebra and C E A a right coideal 
von Neumann subalgebra. Then the following hold: 

(i) B' (lA is a right coideal von Neumann subalgebra of A and {B' fl A)' nA = B. 

(a) C DA is a left coideal von Neumann subalgebra of A and {C f] A)' f] A = C. 
(Hi) Set B — K,{B' n A). Then the map given by B ^ B is a lattice anti-isomorphism 
between the set of left coideal von Neumann subalgebras of A and that of A. 

Proof, (i): Let Eb be the h preserving conditional expectation in £{A., B) and eg its Jones 
projection, i.e. eg is the projection defined by e^xil/i = Ei3{x)Qh, x & A. Note that 
SB e B' and [esY nA = B hold. Thus to prove [B' ^ A)' n A = B it suffices to show 
cb e i3' n A. First, we prove {id ® Eq) ■ 6 — 6 ■ Eq. Let {ICj^jTveE be the system of 
Hilbert subspaces corresponding to B and {e{7r)i}'f^^ an orthonormal basis of Ht^ such 
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that {e(7r)j}^\ is a basis of KLt^. As we saw in the proof of Proposition 4.2, the hnear span 
of {^(Tr)^^-,}, TT e S, 1 < z < (i(7r), 1 < j < m^r is dense in B in weak topology. Let x E A., 
1 < j < mTT- Then we get 

d{n) 

{id®h){{l®u{TT)ij)5{x)) = ^u{TT)l^i{id®h){5{u{TT)k,jX)) 

k=l 

din) 

k=l 

din) 

= u{7r)l ih{u{7r)k,jEB{x)) 

fc=i 

= {id ® h){{l O u{7:)ij)5{EB{x))), 

which imphes {id (8) Ejs) ■ d{x) = S ■ Ejs{x). Let V be the multiphcative unitary defined in 
(4.3). Then thanks to (4.5), for ^ e L'^{A) and a; e ^ we get 

V*{1 ® eB){i ® xfth) = V*{C ® EB{x)nH) = d{EB{x)){^ (g) O^) 

= {id®EB)-5{x){^®nh) = {l^eB)V*{^^xnh), 

and so (1 ® eg) commutes with V. Since {{uu ® i(i)(F); uu G i?(L^(.A))*} is dense in A', 
CB e A. Let X e B, y e B' n A. Then 

6{y){x (g) 1) = y*(l ® 2/)]/(a; ® 1) = "l/*(l O 2/)5(a;)y = 1/*5(x)(l ® y)V 

= {x® 1)V*{1 y)F ={x^ l)'^(y)- 

Thus n ^ is a right coideal von Neumann subalgebra of A. (ii): In a similar way as 
above one can show that C fl ^ is a left coideal von Neumann subalgebra of A. Let 
Co = {C nA)' n A. Then it is easy to show Cq D A = C n A. Thus to prove Co = C, it 
suffices to prove that if Ci and C2 are distinct right coideal von Neumann subalgebras of 
A, then C[r\A and €'2^ A are distinct. Since the Plancherel weight of A is the restriction 
of the usual trace on B{L'^{A)), there exists a trace preserving conditional expectation 
F e £{B{L'^{A))., A). Note that one can identify F with the dual weight of the crossed 
product of A and A = A' when 5 is regarded as an action of A on itself. Thus the 
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restriction of F to A' is a trace. We claim that F{{C' fl A)') = C for every right coideal 
von Neumann subalgebra C C A. To prove the claim it is enough to show that C • is 
weakly dense in (C U A')" because of {C n A)' = (C U A')". Let V be as in (4.4). Thanks 
to (4.4) and (4.6), for c e C and oj e B{L'^{A))* we get 

{id0u;){V)c= {id®u;){V{c®l)) = (id®u;)(5(c)V) e C^"", 

which shows C ■ A'™ = (C U A')" . Using the claim, now we can show that if Ci ^ C2 are 
right coideal von Neumann subalgebras of A, {C[r\A)' 7^ (CaPl^l)', and so {C r\A)' r\A = A. 
(iii): This is a direct consequence of (i) and (ii). Q.E.D. 

In what follows, wc assume n := diniA < 00. Let e and e be the counit of A and 
A, and e and e the integrals of A and A; e and e are the minimal central projections 
satisfying ex = ee{x), x & A, and ey = ee{y), y & A. It is known that the G.N.S. cyclic 
vector of the normalized Haar measure h ol A can be identified with ^/ne^lh and we 
have -s/neQf^ = Q^, as well [KP]. The dual pairing between A and A can be written in 
terms of the Hilbert space inner product as follows: 

< x,y >= ^/n < xflh\y*^h>, xeAyeA. (4.7) 

The following is a space free description of the anti-isomorphism of the two lattices. 

Proposition 4.8. Let A be a Rnite dimensional Kac algebra and B a left coideal von 
Neumann subalgebra of A. We set 

B = {y e A;< xb,y >= e{b) <x,y>, x e A, b e B}. 

Then the following hold: 

(i) B is a left coideal von Neumann subalgebra of A with dimB ■ dim,B = dim A. 

(ii) B = B. 

(iii) B = K{B'nA). 
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Proof, (i): It is routine to show that 5 is a left coideal von Neumann subalgebra of A. 
Using (4.7) for X e ^, 6 e B, and y e A we get the following: 

< xb, y > = \/n < xbQh\y*^h >= Vn < J^b*x*Qh\y*^h > 

= \fn < bJ^y*flf^\x*^lh >— < bK{y)flf^\x*^lh > ■ 
On the other hand we have 

e{b) < x,y >= e{b)y/n < xQ.h\y*^% >= e{b)\/n < >, 

and so B is characterized as 

B = {yeA; bK{y)nf^ = e{b)7i{y)nf^, b e B). 

Let Ejs and E~ be the h and h preserving conditional expectations onto B and B respec- 
tively, and eg and e~ the corresponding Jones projections. The above characterization 
shows 

B D -k{B' nA)3 Ja^bJa = eg. 

More specifically we show eg = ne • Es{e)E~{e). Indeed, using /^(eg) = Ja^bJa — ^B we 
get the following for 6 e -B: 

h{esb) — h{K{b)es) —< ^«(6)egn^|ri^ > 

= < eBefi/i|K(6*)fi^ >= ^ < EB{e)VLh\i^(J>*)^% > 
= ^/n< Qh\EB{e)K{b*)flf^ >= e • EB{e)^/n < > 
= e • Es{e)^ < K{b)nh\Clf^ >= e ■ Es{e)e{Ki^))^/n < ^•h\^h > 
= e ■ EB{e)e{K{b)) = nh{eb)e ■ Esie). 

Thus we obtain the claim. Note that h is the restriction of the normalized trace of 
S(L2(^)), and so h{eB) ^ Thus we get 

^ , , dimB 

e-Eeie) = , 

n 
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Cjs = dimBE~{e). 

In the same way we can get 

^ „ dimB 
e-E~{e) = . 

Since eg is a projection, 

eg = e| = {dimBfE~{eE~{e)) = {dimBfe ■ E~{e)E~{e) 
= dimBe • E~{e)eB- 

Therefore, dimBdimB = n. (ii): It is easy to show B C B. Since 5 is a left coideal von 
Neumann subalgebra of A we also have dimB ■ dimB = n, and so B = B. (iii): In a 
similar way as in (i), one can show dimB ■ dim{B' D A) = n. Since we have the inclusion 
B D k{B' n A) we get the equality. Q.E.D. 

Remark 4-9. Let T : M — M ^ A he a minimal action on a factor M and L be an 
intermediate subfactor of C M. Thanks to Theorem 4.6 there exists a left coideal 
von Neumann subalgebra B C A such that L = M{B). Let Li = JmL'Jm, which is an 
intermediate subfactor of M C Mi. Under the identification of Mi with M x-p A., we 
actually have Li = Mi{B). Let be the Jones projection for L. Then, 

Li = (M U {cl})" = (M U (Li n A^'))" 

= (M U Jm{L' n Mi)Jm)" = (M U j{L' n Mi))", 

where j is the anti-automorphism of N' n Mi defined by j{x) = Jmx*Jmi x e N' f] M. 
It is known [D] that under our identification, N' n Mi is identified with C ® A and j is 
identified with k, so j{L' fl Mi) is identified with C <Si B. Thus Li is identified with the 
intermediate subfactor generated by r(M) and C (8) B, which proves the remark. 
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Appendix {Added October 30, 1997) 

Related to Theorem 3.3 and Remark 3.4, we give here an example of an ir- 
reducible inclusion of factors N (Z M with a normal conditional expectation E 
such that N C M is discrete, is a semifinite trace on N' fl Mi (so that 

Bi = B2 = C = {0}) yet E'^ oj^ E'^. In fact, our factors N, M are hyperfinite 
of type III with E e £{M, N) being the unique normal conditional expectation pre- 
serving the trace r on M and E~^ being a semifinite trace on A^'flMi. Thus, while 
the irreducibility of an inclusion of (type IIi) factors N G M with [M : A^] < oo 
automatically entails its extremality (thus, the trace-preservingness of j — Jm ■ Jm 
on N' n Ml) this is no longer the case when [M : AT] = oo, even if A" C M is 
discrete. 

Our construction is based on Powers binary shifts and their properties ([Po], 
[PoPr]). 

Lemma A.l ([PoPr]). Let a be a bilateral Powers binary shift acting on {un}nei 
as in [Po], such that each half-line bitstream of a is aperiodic. 

Let P = f Aju^l^^z and N = vN{un}nQO- Then the following hold true: 

(i) N and P are factors; 

(ii) a{N) C N and [N : a{N)] < oo. 
(Hi) c7^(A)'n A = C,Vn0l. 

(iv) n = CI. 

(v) U a"'{N) is a dense *-subalgebra of P. 



T3 -f A 11 J-1 11 1 



— e ™ fTD^l m^TD^l 
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Q.E.D. 

Proposition A. 2. Let P he a type IIi factor with an aperiodic automorphism 
a G Aut P and a sub factor N G P such that P, a, N satisfy the conditions (i)-(v) 
of the previous Lemma. 

Let M = P y\(j'L. Then we have: 

a) N'nM = CI. 

b) N G M is discrete, i.e., L^(Mi,Tr) is generated by N ~ N sub-bimodules 
which have finite dimension both as left and right N— modules, where Tr is the 
unique semifinite trace on Mi — {N, M) such that Trejv = 1- 

c) Jm ■ Jm is not Tr-preserving on N' fl Mi, equivalently, there are irreducible 
N — N sub-bimodules o/L^(Mi,Tr) for which the left dimension over N does not 
coincide with the right dimension over N. 

Proof, a). By property (ill) we have N' n a""(iV) = CI. Thus, if a e TV' n P then 

\\Ea-^(N){a) - a\\2 (by (ii) and (v)) and E^-r.(^N){a) e iV' ft cT"'^(iV) = C 
(by commuting squares). Thus a G CI, showing that N' H P = C Similarly 
(T^(A^)'nP- C, Vngl. 

Assume now that o = ^ bnU^ satisfies ax = xa, \/ x & N. Thus, if bn ^ for 

some n then xbn = bnO''^{x)Wx G A^. By using that a'^{N) C A^, it follows that 
xbnbl^ = hn(y'^{x)h*^ = hnh*^x, Wx e N. Thus G CI so that 6^ is a (multiple of 
a) unitary element v & P satisfying 

XV = va''{x),yx e N. (1) 

In particular, we have 

(7"(a;)v = w2"(a;), Va;GiV (2) 
Also, by applying a'^ to both sides of (1) we get 

(7"(a;)(7"(i;) = a''{v)a^''ix), \/ x G N. (3) 

Prom (2) and (3) we get: 

v*a''(x)v = (7"(^;*)(7"(a;)(7"(^;), \/ x G N. (4) 

Thus, a^{v) = av for some a G CI. Let then ruk /" oo be such that a™''' 1. Then 
ll^nmfe^^^ _ as /c — ^ oo. But f] <j{N) = CI clearly implies a is mixing, i.e. 

mQO 

lim T{a"'{x)y) = T{x)T{y), Vx, y G P. A contradiction unless v G CI, showing that 
N'nM = C. 

(b). Let Kn^m = u~'^ L^ (N)u'^+'^ , for ngO, m G Z,nQm. It is trivial to see that 
Kn,m / L'^{P)u"', as n / oo. Thus V{Kn,m\n > m,n > 0,m G Z} = L'^{M), with 
all Kn,m being N — N bimodules. 

Also, since as a left N module Xn,m = L'^{a~'^{N))u^ is isomorphic to L'^(a~^{N)), 
we have dim {NKn,m) = '■ cr{N)]'^ < oo. Furthermore, as a right A'"-module 
Kn,m = w"'L2((7-^-'^(iV)) is isomorphic to L2(c7-^-^(iV)), so that we have dim {Kn,mN) = 
[iV: a(iV)]'^+"^ < oo. 

rni,;„ „1 AT ^ Ti/r ;„ J;„„ j-„ 
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c). This part is now clear, since we showed above that there exist sub-bimodules 
K C L^(Mi,Tr) which are finitely generated both as left and right modules, 
but with different corresponding dimensions, (e.g., just take K = Kn,m for some 
ngm, ngO, m ^ 0.) 

Q.E.D. 

Corollary A. 3. There exist irreducible discrete inclusions of hyperfinite type IIi 

factors N <Z M for which Jm ■ Jm is not trace preserving on N' fl Mi, equivalently 
for which Tr^i o,nd Tr^v/ do not agree on N' fl Mi or further, for which the local 
indices \pMip : Np] are not equal to (Trp)^ for all p G N' n Mi. 
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